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Abstract
We consider the spin asymmetry in semi-inclusive deep inelastic scattering between
a longitudinally polarized lepton beam and a transversely polarized proton target.
We show that, if the reaction plane is orthogonal to the proton polarization, the
asymmetry is twist 3 and is sensitive to the transversity function of the proton,
especially for small x. The asymmetry is estimated to be at least 10%.
PACS numbers: 13.85.Qk, 13.88.+e
For some time the eorts of high enegy spin physicists have been partly
concentrated on determining the quark transversity distribution[1-5], which appears
a particularly dicult task[6-10]. Indeed, dierent observables have been singled
out, which are sensitive to this quantity; among them the Drell-Yan double spin
asymmetry[9] and the interference fragmentation functions[7].
For the moment the most promising experiments in this sense are those realized
or planned by SMC[11] and HERMES[12] collaborations. These are based on the
Collins eect[13] and consist in semi-inclusive  electroproduction by a longitudi-
nally or transversely polarized proton target and up to now have provided a rough
evaluation[14] of the transversity function, hf1 , where f is the quark flavor. In particu-
lar, if the target is transversely polarized, the spin asymmetry is twist-2, proportional
to the product hf1(x)cf (z), where cf is the azimuthal asymmetry fragmentation func-
tion of a transversely polarized quark into a pion[4, 14]. As claimed by Jae[4], this
will become the "classic" way of determininig the nucleon transversity distribution
functions, provided cf (z) is known to some precision and not too small. But at present
we know very little about this function[14].
In this letter we propose an alternative semi-inclusive electroproduction experi-
ment; this yields an asymmetry which is sensitive to the transversity function and
involves known distributions. We suggest to realize semi-inclusive deep inelastic scat-
tering, using a transversely polarized proton target and a longitudinally polarized
charged lepton, and observing, in the nal state, a pion from fragmentation of the
struck quark, i. e.,
~‘p" ! ‘0X: (1)
As is well-known[13], semi-inclusive deep inelastic scattering is kinematically isomor-
phic to Drell-Yan. But we have shown in a previous paper[15] that the inclusive
muon pair production from singly polarized proton-hadron collisions is sensitive to
hf1 , provided we are able to measure the polarization of one nal lepton. Therefore
it is not surprising that reaction (1) may be useful, in principle, for extracting the
transversity function. In this case both the proton and the lepton are polarized in the
initial state, therefore we do not need any further polarization measurement in the
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Here d"(#)! is the dierential cross section for reaction (1), with the proton having
spin up (down) and the lepton having a positive helicity. Moreover, as usual,  is the
lepton energy transfer and Q2 = −q2, q being the four-momentum transfer. Lastly P
is the momentum of the nal pion.
Now we calculate the spin asymmetry in the framework of a QCD-improved parton









Here m is the proton rest mass, k the momentum of the initial lepton and Lµν and





d4k (k2) (k0) d
4P (P 2 −m2pi) (P0): (4)
Here k and P are, respectively, the four-momenta of the initial lepton and of the nal






` being the helicity of the initial lepton and k
0 = k − q the four-momentum of the






where Slµν and iA
l
µν are, respectively, the symmetric (real) part and the antisymmetric










As regards the hadronic tensor, the generalized factorization theorem[17, 18] in







where f runs over the three light flavors (u; d; s) and antiflavors (u; d; s), e1 = −e4 =













Here p and p0 are respectively the four-momenta of the active parton before and after
being struck by the virtual photon. S is the Pauli-Lubanski (PL) four-vector. qfT
is the probability density function of nding a quark (or an antiquark) in a pure
spin state, whose third component along the proton spin is T . Analogously ’fT is the
probability density function for a quark of four-momentum p0 and spin T 0 to fragment







4(p0 − p− q); (11)








where the factor 1/3 comes from color averaging in the elementary scattering process
and the ’s are respectively the spin density matrices of the initial and nal active
parton. As a consequence of a theorem by Politzer[20], it may be shown[21] that the




/p[1 + 2Tγ5(k + /?)] (13)
and an analogous expression holds for T
′
, substituting T ! T 0 and p ! p0. Here
2Tk and 2T? are respectively the chirality and the transverse PL four-vector of the
active parton. The chirality is a Lorentz scalar, such that jkj  1. If we neglect the
parton transverse momentum, the only way of constructing such a quantity with the
available vectors is





the  sign referring to a quark and to an antiquark respectively. Here we have
exploited the fact that  is a Lorentz scalar and that in the laboratory frame S  (0;S)
(S2 = 1) and q  (;q).  can be viewed as the helicity of the proton in a frame moving
along q. On the other hand, in order to take into account transverse momentum, we
have to adopt a frame where the proton momentum is large in comparison to m[23].
But, in this more rened approximation, we are still faced with the problem of dening
k in a Lorentz invariant way. The only way to do this is to consider the Breit frame,
that is, where the virtual photon has four-momentum q = (0;qB), with jqBj = Q.
In this frame the proton momentum is −1
2
qB, therefore the active parton carries a
momentum pB = −12xqB + p?, where, as usual, x = Q2=(2m) is the longitudinal
fractional momentum and p? the transverse momentum with respect to qB. Then
the parton chirality reads









where p denotes the initial momentum of the active quark in the laboratory frame.
Now we carry on the integration (10) over the time and longitudinal components














µν (x; z;S): (16)
Here z = (Pk+P0)=(2jp0j) is the longitudinal fractional momentum of the pion result-
ing from fragmentation of the struck parton, whose nal momentum is p0 = p+q. We
have dened P0 =
√
m2pi + P
2 and Pk = P  p0=jp0j, where P is the pion momentum.
Moreover P? is the transverse momentum of the pion with respect to the direction
of p0. We stress that P? is a function of p?, since
P? = P− z(p + q) = Π? − zp?; (17)
where







In this connection it is worth pointing out once more that we want to pick up a pion
resulting from fragmentation of the active quark, therefore we look for a pion such
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that the direction of P is near the direction of the momentum of the virtual photon.
It follows that jΠ?j << jPj.
Since the pion is a scalar particle, we have












where Sfµν and iA
f
















µnν − gµν ; aµν = "αµβνnαn
′β; (22)
where the four-vectors n and n0 read, in the Breit frame, taking the z-axis along q,
n(n0)  1p
2
(1; 0; 0;1): (23)
Moreover we have introduced the quantities




Qf = Qf0(x; z;Π2?) + 2Π?  S(xQ)−1Qf1(x; z;Π?); (25)









Qf1(x; z;Π?)Π?  S =
∫











It is immediate to check that the tensors (21) full gauge invariance. The presence
of the scalar product Π?  S at the left side of eq. (27) will be explained below.
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Moreover the sux  in the second equation (28) denotes the angle between the








k cos + q
f
?sin ; (30)
which are Lorentz invariant quantities. Here  0 is the angle between the spin vector
S and the momentum of the photon in the laboratory frame, while qfk and q
f
? are,
respectively, the transverse momentum dependent helicity and transversity distribu-



















where qf (x), qf (x) and hf1(x) are respectively the well-known spin independent,
helicity and transversity functions, and Df(z) the usual fragmentation function.
Inserting eqs. (20) to (25) into eq. (9), we get the expression of the hadronic
tensor Hµν as a function of Q
f , Qf and of the tensors sµν and aµν . Contracting Hµν
with the leptonic tensor Lµν (6), and substituting the result into eqs. (3) and (2), we
get

















Here we have slightly changed our notation, considering separately, for each flavor, the




) contribution. k and k0 are, respectively, the





invariant under boosts along the z-axis, we calculate them in the laboratory frame,




(1 cos); k0 =
jk0jp
2
[1 cos( − )]: (34)
Here
k0 = k− q (35)
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is the nal lepton momentum. Moreover  and  are, respectively, the angle between
k and q and between k and k0:
jqjcos = jkj − jk0jcos: (36)
In the scaling limit, i. e.,





jkj ’ ; jk0j ’ mx
1− cos ; (38)
as it is straightforward to see by expressing the invariants Q2 and  as functions of
k and k0. Therefore eqs. (36) and (34) imply that in this limit  = 0 and F = 1.
Asymmetry (33) is twist 3, as it is straightforward to check.
Invariance of strong interactions under parity, time reversal and rotations (in




This relation has two important consequences. First of all the integral at the r. h.
s. of eq. (27) vanishes for Π? = 0, whence the factor Π?  S at the l. h. s. of that
equation. Secondly, if we consider totally inclusive deep inelastic scattering (DIS) -
which amounts to setting ’f = (1− z) and to integrating over z -, the second term
of eq. (25) is washed out by integration over transverse momentum.
In this connection, the prescription we have just given yields





where Qf , Qf and qfψ are given, respectively, by eqs. (24), (25) and (30). The
expression of Qf depends on the value of  0, dened by the second eq. (29). We
consider three dierent cases:
i) 0   tan 0 << 1: qfψ ’ qfk ;
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ii)  tan 0 ’ 1: qfψ ’ qfk + qf?;
iii)  tan 0 >> 1: q
f
ψ ’ qf?.
Here we have set  = 2a=
p
4a2 +Q2, a being the average transverse momentum
of the quark inside the proton; moreover  and  are two real positive coecients,
2 + 2 = 1. Case i) is most frequently considered in the literature[23]. In this
situation  = cos 0 is nite, so that Q
f ! qf (x) and the asymmetry (33) goes
over into









f (x) + qf(x)]
: (41)
This turns out to coincide, in the scaling limit, with the usual transverse asymmetry













] ! g1(x) + 2g2(x)
F1(x)
: (42)
Here E is the initial energy of the lepton and  is the azimuthal angle between the
(k;k0) plane and the (k;S) plane. Moreover W1(2) and G1(2) are the usual, unpolarized
and polarized, structure functions. The limiting expression (42) has been obtained
by calculating  according to the last eq. (14), i. e.,
 ’ x msincos
E(1− cos) ; (43)








f (x) + qf(x)] and, according to the naive quark-parton model[23], 





f(x)−qf(x)], asymmetry (42) turns out to coincide with the
expression (41) of ADIS.
Cases ii) and iii) are more rare and tend to disappear at increasing Q. In case
ii) tan 0 is order 
−1, therefore  = cos 0 is order a=Q and Qf is twist 3, as well
as the inclusive DIS asymmetry. It may be surprising that DIS is sensitive to qf?, as
∗Really, g2 has an important twist-2 component, which deviates from parton model predictions,
owing to nonperturbative interactions among partons at small x[2].
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implied by eqs. (40) and (30); we shall explain this eect in a moment. In case iii)
, and therefore the inclusive asymmetry, is negligibly small.
Formula (41) of the inclusive asymmetry, as well as the semi-inclusive asymmetry
(33), can be obtained starting from the formula for the density matrix which includes











where mf is the mass of the quark with flavor f and S 0 is the PL four-vector of the
quark, the  sign occurring according as to whether the quark spin is oriented along or
opposite to the proton spin. Incidentally, this formula turns out to coicide with the one
of ref.[23], subsects. 3.2 and 3.3. It is just the mass term that may cause helicity flip
and therefore may give rise to a chiral odd contribution like transversity[15]. Taking
the boost from the quark rest system to a momentum p yields[15] S 0 ’ n0S p=(xmf ),
which compensates the small factor mf in eq. (44). The hadronic tensor A
f
µν , which
occurs in semi-inclusive DIS (see the second eq. (21)) can be obtained in quite a
similar way.
Returning to the semi-inclusive DIS asymmetry (33), we discuss the sensitivity to
hf1 of that asymmetry. This depends once more on the angle  , as can be seen from
eq. (30). Therefore we are still faced with the three cases discussed above. The most
favourable situation for extracting qf? from asymmetry (33) is the one described in
case iii). Therefore, according to eq. (43) and to the second eq. (29), we have to
pick up the leptons scattered at   =2, which is equivalent to demanding that
the reaction plane be perpendicular to the proton polarization. These two equations
imply also that in such a situation  ’ 0, which eliminates the rst term of eq. (25).
Lastly, according to the second term of eq. (25), the vector Π? should be preferably
taken parallel to or opposite to S, therefore it appears most suitable to select pions
whose momenta lie in the (q, S) plane. Three remarks are in order.
 Apart from qf?, all the transverse momentum dependent distributions involved
in the asymmetry can be parametrized so as to match the usual (polarized or
unpolarized) parton distributions or the pion fragmentation function, which are
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well-known. In particular, the transverse momentum dependence of qf can be
tested experimentally[24], while for ’f it may be assumed to be the same as
for the distribution function. This could be advantageous with respect to other
methods suggested in the literature, which require to determine, preliminarily,
unknown fragmentation functions.
 The twist-3 character of the asymmetry (33) forces us to pick up not too large
values of Q2 ( 10 GeV 2). However this is not a serious limitation with respect
to the twist-2 asymmetry considered at SMC and HERMES. Indeed, as illus-
trated by Boer[25], all azimuthal transverse momentum dependent asymmetries
at large Q2 are plagued by a strong Sudakov suppression.
 The formulae we have deduced are valid for any orientation of the proton spin,
however with a longitudinally polarized proton the event congurations we de-
mand are quite rare.
Lastly we calculate the order of magnitude of the asymmetry (33) in the above men-






































We see that it is better to choose z as close to 1 as possible. Under such conditions,
for jΠ?j ’ 1 GeV , Q = 2.5 GeV , we have A(Q; ;Π?)  (0:4=x)R, where R =
hf1(x)=q
f (x) has been determined by HERMES[12], jRj = (50  30)%. Then our
method is particularly indicated for small x. Another possible contribution to the
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asymmetry above, coming from the twist-3 one gluon exchange graph, results to be
negligibly small[15].
To conclude, we have suggested an experiment of semi-inclusive DIS, with a lon-
gitudinally polarized lepton and a transversely polarized proton, detecting a pion in
the nal state. We demand to pick up pions produced at not too large angles with
respect to q, preferably with momenta lying in the (q, S) plane, and nal leptons
such that the reaction plane is orthogonal to S. The asymmetry is predicted to be
at least 10%, increasing at small x. The experiment could be performed at some
facilities, like CERN (COMPASS coll.), DESY (HERMES coll.) or Jeerson Lab.,
where similar asymmetry measurements are being realized or planned.
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